[9] introduced the concept of dual generalized order statistics (dgos) that enables a common approach to descending ordered random variables like reversed order statistics and lower record values. In this paper, we have obtained probability density function (pdf) of r-th, and the joint pdf of r-th and s-th, concomitants of dgos from Morgenstern type bivariate generalized exponential distribution and derived their product moments. Further the results are deduced for moments of k-th lower record values and order statistics. Recurrence relations between moments of concomitants are also obtained. Finally, some properties of joint distributions for concomitants of dgos are presented.
Introduction
introduced the concept of generalized order statistics (gos) as a unified models of ordered random variables such as ordinary order statistics, sequential order statistics, progressive type II censoring, record values and Pfeifers records. The concept of lower generalized order statistics was given by [19] , and later [9] introduced it as dual generalized order statistics (dgos) to enable a common approach to descendingly ordered random variables like reversed order statistics and lower records models. There is a connection between the concepts of gos and dgos.
Let X be an absolutely continuous random variables with cumulative distribution function (cdf) F and the probability density function (pdf) f . For n ∈ N, k ≥ 1,m = (m 1 , m 2 , ..., m n−1 ) ∈ R n−1 , the random variables X d = (X d (1, n,m, k), X d (2, n,m, k), . . . , X d (n, n,m, k)) are called dgos if their joint pdf is given by f X d (x 1 , x 2 , ..., x n ) = kC n−1
on the cone {(x 1 , . . . , x n ) : F −1 (1) > x 1 ≥ x 2 ≥ ... ≥ x n > F −1 (0)} ⊂ R n , such that C r = r ∏ j=1 γ j and
h= j m h ≥ 1 for all j ∈ {1, 2, ..., n}. An important special case in the concept of dgos is choosing m according to m i = m. With taking m = 0 and k = 1, the random variable X d (r, n, m, k) reduces to the (n − r + 1)-th order statistics, and with taking m = −1, the random variable X d (r, n, m, k) reduces to r-th, k-lower record value. For more details and some applications of dgos or lower generalized order statistics, reader can refer to [1, 2, 4, 5, 7, 9, [13] [14] [15] [16] 19] .
The marginal pdf of rth dgos, 2) and the joint pdf of rth and sth dgos's,
where g m (t) = h m (t) − h 1 (t), t ∈ (0, 1) and
.., (X n ,Y n ) be n pairs of independent random variables from a bivariate population with cdf F(x, y). If the X-variates are arranged in descending order as
, then Y -variates paired (not necessarily in descending order) with these dgos are called the concomitants of dgos and denoted by
The pdf of Y [r,n,m,k] , the r-th concomitant dgos, is given as ( [18] ) 4) and the joint pdf of Y [r,n,m,k] and Y [r,n,m,k] 1 ≤ r < s ≤ n is given as
works are done for dgos and gos in some literature: [18] considered the concomitants of dgos for Morgenstern type bivariate power function distribution. [3, 6, 8, 20 ] studied the concomitants of gos for Morgenstern type bivariate exponential distribution (MTBED), Gumbel's bivariate exponential distribution, Morgenstern family, and MTBGED, respectively. This paper is organized as follows: in Section 2, we will review the MTBGED and some of its properties. In Section 3, we study the properties of the marginal distributions of concomitants for dgos from MTBGED. The properties of joint distributions of these statistics in Section 4.
A review on MTBGED
[11] defined the GE distribution with the following cdf
and we denote this cdf by GE(θ , α). By using the binomial series expansion, the kth moment of a random variable with GE(θ , α) is given as
where
Γ(a+b) . With considering the GE distribution, [20] defined the MTBGED as a special case of Morgenstern family. The random variables X and Y have MTBGED if their joint cdf is
The corresponding pdf of this distribution is given as
Note that this distribution is a extension of MTBED introduced by [10] . The moments of the MTBGED are given as
where U and V are independent random variables with GE(θ 1 , 2α 1 ) and GE(θ 2 , 2α 2 ), respectively. Also,
, and D(α 1 ) = B(2α 1 ) − B(α 1 ), and ψ (.) is the digamma function and ψ (.) is its derivative.
The conditional distribution of Y given X = x has the pdf
Therefore, the regression curve of Y given X = x for MTBGED is
where V has GE(θ 2 , 2α 2 ).
Concomitants of dgos in MTBGED
In this section, we consider the concomitants of dgos in MTBGED and obtain the properties of their marginal distributions. Also, some recurrence relations between moments of concomitants are presented.
Marginal distribution of concomitants
Consider X and Y are random variables from a Morgenstern family with marginal cdf F X (x) and F Y (y), and marginal pdf f X (x) and f Y (y), respectively. Also, let
be dgos for a random sample this family, and
be the concomitants of corresponding to this dgos.
[18] using (1.4) show that the marginal distribution of
and f i:n (y) is the pdf of Y i,n , the ith order statistic of a random sample of 
where δ r = C * r λ . Obviously, we can find that
where f Y (y) and f V (y) are pdf's of random variables Y and V with GE(θ 2 , α 2 ) and GE(θ 2 , 2α 2 ), respectively.
Remark 3.1. With taking m = 0 and k = 1 in (3.2), the pdf of (n − r + 1)-th concomitant of order statistic from MTBGED is given as
Remark 3.2. With taking m = −1 in (3.2), the pdf of r-th concomitant of k-lower record value from MTBGED is given as
Moment generating function and moments of
where M Y (t) and M V (t) are moment generating functions of random variables Y and V , respectively. With differentiating (3.6) with respect to t and using (2.2), we get the lth moment of Y [r,n,m,k] as
Since (3.7) is a convergent series for any l ≥ 0, so all the moments exist for integer values of α 2 .
With putting l = 1, we obtain the mean as
(3.8)
In general, if h(y) is a measurable function of y, then
and
Remark 3.3. With taking m = 0 and k = 1 in (3.8), the mean of (n − r + 1)-th concomitant of order statistic from MTBGED is given as
Therefore, the following recurrence relations between the means of concomitants of order statistics similar to [20] are obtained
Remark 3.4. Set m = −1 in (3.8), to get the mean of r-th concomitant of k-lower record value from MTBGED as
An explicit expression of Shannon entropy for concomitants of dgos in Morgenstern family is given as
where 
Some Recurrence relations
In this section we shall present several recurrence relations between pdf's, moments and mgf's of concomitants. From (3.3), we have
Also, for 1 ≤ i ≤ n − r and 1 ≤ j ≤ r − 1, we have
Using (3.7) the following recurrence relations between moments of concomitants are valid:
where E(Y l ) = µ l 1:1 and E(V l ) = µ l 2:2 . Furthermore, for i, j = 1, we have
For 1 ≤ i 1 ≤ i 2 ≤ n − r and 1 ≤ j 1 ≤ j 2 ≤ r − 1, the relation between mgf's of concomitants are
If we take m = 0 and k = 1, then the lth moment and mgf of Y [r:n] can be deduced from (3.6) and (3.8), respectively as
If we take m = −1 , then the lth moment and mgf of r-th concomitant of k-lower record value can be deduced from (3.6) and (3.8), respectively as
Joint distribution of two concomitants
In this Section, we obtain the joint distribution of concomitants of two dgos, and study their properties. 
Therefore, the joint pdf of these concomitants for MTBGED is 
Differentiating (4.3) with respect t 1 and t 2 , and putting t 1 = t 2 = 0, we can obtain the product moments E{Y
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The joint mgf of the concomitants of the r-th and s-th order statistics, Y The values of ρ [r,s:n] for n = 10 and some values of α 2 and λ are given in Table 1 . We can conclude that ρ [r,s:n] has minimum value when r = 1 and s = 10, and it has maximum value when r = 5 and s = 6 for given α 2 and λ . 
